Proximity effect between two superconductors spatially resolved by
  scanning tunneling spectroscopy by Cherkez, V. et al.
Proximity Effect between two Superconductors Spatially Resolved by Scanning
Tunneling Spectroscopy
V. Cherkez1,2, J. C. Cuevas3,∗ C. Brun1,2,† T. Cren1,2, G.
Me´nard1,2, F. Debontridder1,2, V. Stolyarov1,2,4, and D. Roditchev1,5
1Sorbonne Universite´s, UPMC Univ Paris 06, UMR 7588,
Institut des Nanosciences de Paris, F-75005, Paris, France
2CNRS, UMR 7588, Institut des Nanosciences de Paris, F-75005, Paris, France
3Departamento de F´ısica Teo´rica de la Materia Condensada and Condensed Matter Physics Center (IFIMAC),
Universidad Auto´noma de Madrid, E-28049 Madrid, Spain
4 Moscow Institute of Physics and Technology, 141700 Dolgoprudny, Russia and
5LPEM, ESPCI ParisTech-UPMC, CNRS-UMR 8213, 10 rue Vauquelin, 75005 Paris, France
(Dated: August 20, 2018)
We present a combined experimental and theoretical study of the proximity effect in an atomic-
scale controlled junction between two different superconductors. Elaborated on a Si(111) surface, the
junction comprises a Pb nanocrystal with an energy gap ∆1 = 1.2 meV, connected to a crystalline
atomic monolayer of lead with ∆2 = 0.23 meV. Using in situ scanning tunneling spectroscopy we
probe the local density of states of this hybrid system both in space and in energy, at temperatures
below and above the critical temperature of the superconducting monolayer. Direct and inverse
proximity effects are revealed with high resolution. Our observations are precisely explained with
the help of a self-consistent solution of the Usadel equations. In particular, our results demonstrate
that in the vicinity of the Pb islands, the Pb monolayer locally develops a finite proximity-induced
superconducting order parameter, well above its own bulk critical temperature. This leads to a giant
proximity effect where the superconducting correlations penetrate inside the monolayer a distance
much larger than in a non-superconducting metal.
I. INTRODUCTION
If a normal metal (N) is in good electrical contact
with a superconductor (S), Cooper pairs can leak from
S to N , modifying the properties of the metal. This
phenomenon, known as proximity effect, was intensively
studied in the 1960’s [1, 2] and there has been a renewed
interest in the last two decades due to the possibility
to study this effect at much smaller length and energy
scales [3]. When a Cooper pair penetrates into a normal
metal, via an Andreev reflection [4], it becomes a pair of
time-reversed electron states that propagate coherently
over a distance LC , which in diffusive metals is given
by LC = min{
√
~D/E,Lφ}, where D is the diffusion
constant, E is the energy of the electron states (with re-
spect to the Fermi energy), and Lφ is the phase-coherence
length in N . This Cooper pair leakage modifies the lo-
cal density of states (DOS) of the normal metal over a
distance LC from the S-N interface. Such a modifica-
tion has been spatially resolved in recent years with the
help of tunneling probes [5, 6] and with Scanning Tun-
neling Microscopy/Spectroscopy (STM/STS) techniques
applied to mesoscopic systems [7–11]. Very recently, the
considerable progress in the controlled growth of atomi-
cally clean materials under ultrahigh vacuum conditions
has made it possible to probe the proximity effect with
high spatial and energy resolution in in situ STM/STS
experiments [12, 13].
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The proximity effect is not exclusive of S-N systems.
If a superconductor S1, with a critical temperature TC1
and energy gap ∆1, is brought into contact with an-
other superconductor S2 with a lower critical tempera-
ture TC2 < TC1 and energy gap ∆2 < ∆1, the local DOS
of both superconductors near the interface is expected
to be modified. At low enough temperature T < TC2
this modification should be significant in the energy in-
terval |E| ∈ [∆1,∆2] and may occur in each electrode
over a distance min{√~D/∆i, Lφi} from the interface.
Moreover, in the temperature range TC2 < T < TC1 one
expects the proximity effect to induce a finite local order
parameter in a formally non-superconducting S2, owing
to a non-zero attractive pairing interaction λ2 existing
in S2. Such a mechanism should result in a proximity-
induced interface superconductivity. These remarkable
effects were first discussed qualitatively by de Gennes
and co-workers in the 1960’s [1, 2], but to the best of
our knowledge no experiment has ever been reported in
which this peculiar S1-S2 proximity effect could be spa-
tially resolved.
In this work we present a STM/STS study of the prox-
imity effect in a lateral S1-S2 junction with a very high
spatial and energy resolution, for temperatures well be-
low and above TC2. The junction was elaborated in situ
in ultrahigh vacuum on Si(111). The S1 electrode is
formed by a single nanocrystal of Pb (TC1 ≈ 6.2 K,
∆1 = 1.2 meV). S2 consists of a single atomic layer of Pb
reconstructed on Si(111) to form the so-called striped in-
commensurate phase, a superconductor with TC2 ≈ 1.8 K
and ∆2 = 0.23 meV. For temperatures well below TC2 we
observe a pronounced modification of the local tunneling
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2conductance spectra in S2 over a distance ∼ 100 nm from
the S1-S2 interface. Above TC2 but below TC1, the tun-
neling spectra in S2 exhibit an induced gap which extends
to distances anomalously large for a normal metal. Our
experimental observations are explained with the help of
an one-dimensional model based on the Usadel equations,
where the order parameter is evaluated self-consistently.
Importantly, our combined experimental and theoretical
study furnishes strong evidence that the long-range prox-
imity effect observed in S2 above TC2 is a direct conse-
quence of the appearance of proximity-induced interface
superconductivity in the atomic monolayer.
The paper is organized as follows. Section II describes
the fabrication of the atomic-scale controlled junctions
between two different superconductors and present the
results for the tunneling spectra in the low temperature
regime where both electrodes are in the superconducting
state. Section III is devoted to the discussion of the the-
oretical model based on the Usadel theory that is used
to describe all our experimental results. We present and
discuss in section IV the results for the tunneling spec-
tra in the temperature regime where the Pb monolayer
is in its normal state. Then, we briefly discuss the in-
verse proximity effect in the Pb islands and summarize
our main conclusions in section V.
II. PROXIMITY EFFECT BETWEEN TWO
SUPERCONDUCTORS: EXPERIMENTAL
SETUP AND LOW TEMPERATURE RESULTS
The fabrication of a S1-S2 junction was carried out
in situ as we proceed to explain. First, a 7 × 7 recon-
structed n-Si(111) surface (heavily doped) was prepared
by direct current heating at 1200◦C in ultrahigh vacuum.
Subsequently, 1.65 monolayer of Pb was evaporated on
the Si(111)-7 × 7 kept at room temperature, using an
electron beam evaporator calibrated with a quartz micro-
balance. The
√
7×√3 reconstructed Pb monolayer was
formed by annealing at 230◦C for 30 minutes [14]. The
slightly denser striped incommensurate phase was then
formed by adding 0.2 monolayer (ML) of Pb onto the√
7×√3-Pb/Si(111) held at room temperature [15, 16].
This resulted in a slight extra amount of lead atoms
(0.07 ML) with respect to the nominal reported cover-
age of the striped incommensurate phase (1.33 ML).
This procedure allowed us to grow a very small den-
sity of Pb islands of size larger than 100 nm and height
of 7 ML, such as the one denoted by S1 in the STM
topographic image shown in Fig. 1(a). These islands
have a critical temperature and an energy gap slightly
smaller than the bulk Pb values, here TC1 ≈ 6.2 K
and ∆1 ≈ 1.2 meV [17–20]. The island S1 shown in
Fig. 1(a) is in direct electrical contact through periph-
eral atoms with the striped incommensurate (SIC) mono-
layer denoted S2, reported to be a superconductor with
TC2 ≈ 1.8 K and ∆2 ≈ 0.3 meV [21, 22]. It has been
shown by various surface techniques that the Pb islands
(a) (b)
FIG. 1. (a) Topographical STM image of a 7 ML high Pb
island, denoted as S1, surrounded by the striped incommen-
surate (SIC) Pb monolayer, denoted as S2. Small Pb clusters
of few nanometers size and 1 ML height are visible on the SIC
monolayer. These very small clusters result from the extra Pb
atoms deposited on the surface in order to form few large is-
lands such as S1. (b) Topographical STM image showing a
smaller scale region representing the atomic superstructure of
the SIC monolayer observed everywhere on the surface be-
tween the Pb clusters. The images were taken at Vbias =
-1.0 V and I = 35 pA.
lay directly on top of the Si(111)-7× 7 substrate [23]. In
addition, one can see in Fig. 1(a) the formation of very
tiny 1 ML high nanoprotrusions or clusters on top of the
striped incommensurate phase (size less than 5 nm), also
resulting from the deposition of the extra 0.07 ML of Pb.
As presented in Fig. 1(b), the atomic superstructure of
the SIC was observed everywhere on the surface between
the overlying Pb islands or clusters. At each step, the
sample structure was controlled in both real and recipro-
cal space by STM and Low Energy Electron Diffraction.
The STS measurements were performed in situ with a
homemade apparatus, at a base temperature of 320 mK
and in ultrahigh vacuum P < 4.0 10−11 mbar [19, 24].
Mechanically sharpened Pt-Ir tips were used. The tun-
neling conductance curves dI(V )/dV were obtained from
numerical derivatives of the raw I(V ) experimental data.
Let us now first discuss the results obtained at low
temperature T = 0.3 K < TC1, TC2 when both electrodes
are in the superconducting state. These results are sum-
marized in Fig. 2. In particular, panel (a) displays the
S1-S2 junction considered throughout this work, where
S1 is the Pb island and S2 corresponds to the SIC mono-
layer. The color-coded conductance map shown in this
panel, at a bias voltage close to the S2 gap edge, empha-
sizes that the proximity effect extends significantly far
from the island edge. Let us stress that in Figs. 2, 3,
and 5, one single dI/dV (V, x) spectrum corresponds to
the average of all dI/dV (V, x) spectra measured at the
same distance x from the island edge (the S1-S2 inter-
face) in Fig. 1(a). As it can be seen from the extension of
the superconducting correlations shown in Fig. 2(a) and
Fig. 3(a), this averaging procedure represents well the
main behavior when going away from all island edges ex-
cept in the vicinity of the sharp corner region, where the
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FIG. 2. S1-S2 proximity effect at 0.3 K. (a) Topographic STM image of the sample showing the Pb nanoisland S1 connected to
the striped incommensurate Pb monolayer S2. Superposed color-coded spectroscopy map at Vbias = −0.2 mV allows visualizing
the proximity effect. 256×256 spectra were measured in the STS map. (b) Spatial and energy evolution of the experimental
tunneling conductance spectra, dI/dV (V, x), across the junction (3D-view). One spectrum is plotted every 1 nm and highlighted
by a black line every 10 nm. (c) Color-coded experimental dI/dV (V, x) spectra across the interface. One spectrum is plotted
every nanometer. (d) Selected local tunneling spectra (dots). −0 nm is the last spectrum measured on the top flat part of
the island before the edge. +0 nm is the first spectrum measured on the SIC monolayer. The distance between the +0 nm
and −0 nm spectra is about 1 nanometer (e) Color-coded computed dI/dV (V, x) across the interface. (f) Spatial evolution of
the energy of the peak maximum Epeak(x) across the interface. The experimental results (symbols) are nicely reproduced by
self-consistent calculation of the order parameter (red solid line), while the red dashed line corresponds to the non-self-consistent
result. The evolution of the order parameter is shown by black lines: self-consistent (solid) and non-self-consistent (dashed).
extension of the superconducting correlation is slightly
reduced. Fig. 2(b,c) shows the detailed evolution of the
local dI(V, x)/dV spectra as a function of the distance x
from the island edge measured in steps of 1 nm. Repre-
sentative spectra are also shown in Fig. 2(d). The main
spectral features are the following [see labels in Fig. 2(c)]:
(A) Close to the interface, there is a proximity region
where the spectra gradually evolve from one bulk behav-
ior to the other over a distance of more than 100 nm.
(B) A tiny yet important spectral feature is a small dis-
continuity in the height of the coherence peaks occurring
at the S1-S2 interface on a subnanometer scale. (C,D)
Far away from the island edge, the spectra go back to
their bulk forms, S1 (S2) exhibiting a spatially constant
superconducting gap ∆1 (∆2). (E) Over ∼ 60 nm from
the S1-S2 interface, the spectra evolve in S1 with slight
changes toward the bulk S1 spectrum, revealing the in-
verse proximity effect.
Before presenting how the tunneling conductance spec-
tra are modified by increasing the temperature, it is con-
venient to introduce first the theoretical model that will
help us to understand our observations. This is the goal
of the next section.
III. THEORETICAL MODELING: USADEL
EQUATIONS
Most theoretical studies of the proximity effect in S1-
S2 systems have focused on the analysis of their critical
temperature. These studies have made use either of the
Ginzburg-Landau theory or of the linearized Gorkov’s
equations [2], which are only valid close to critical tem-
perature of the whole system [25]. Here, in order to de-
scribe the local spectra at arbitrary temperatures we used
the Usadel approach [26]. Usadel equations summarize
the quasiclassical theory of superconductivity in the dif-
fusive limit, where the mean free path is smaller than
the superconducting coherence length. In the monolayer
S2, this length is given by ξ2 =
√
~D2/∆2. The qua-
siclassical theory describes all the equilibrium properties
in terms of a momentum averaged retarded Green’s func-
tion Gˆ(R, E), which depends on position R and energy
E. This propagator is a 2 × 2 matrix in electron-hole
4space
Gˆ =
(
g f
f˜ g˜
)
. (1)
Neglecting inelastic and phase-breaking interactions, the
propagator Gˆ(R, E) satisfies the following equation [26]
~D
pi
∇(Gˆ∇Gˆ) + [Eτˆ3 + ∆ˆ, Gˆ] = 0. (2)
Here, τˆ3 is the Pauli matrix in electron-hole space and
∆ˆ =
(
0 ∆(R)
∆∗(R) 0
)
, (3)
where ∆(R) is the space-dependent order parameter that
needs to be determined self-consistently via the following
equation:
∆(R) = λ
∫ c
−c
dE
2pi
Im {f(R, E)} tanh
(
βE
2
)
. (4)
Here, β = 1/kBT is the inverse temperature, λ is the
coupling constant, and c is the cutoff energy. These two
latter parameters are eliminated in favor of the critical
temperature of the monolayer (in the absence of proxim-
ity effect) in the usual manner. Moreover, in our case,
with no phase difference between the superconducting
reservoirs, the order parameter can be chosen real, as we
have done implicitly in Eq. (4).
To solve the Usadel equations in practice, we mod-
eled our lateral S1-S2 system by a one-dimensional (1D)
junction. Due to the big thickness difference between S1
and S2, we consider S1 as an ideal reservoir in which
the order parameter ∆1 remains constant and unper-
turbed up to the interface (the observed tiny devia-
tions due to the inverse proximity effect in S1 are dis-
cussed below). S2 is approximated as a semi-infinite wire
with a constant attractive pairing interaction λ(R) = λ2
that corresponds to a critical temperature TC2. Follow-
ing Ref. [27], we solved the 1D Usadel equations us-
ing the Ricatti parametrization [28] and described the
junction interface with Nazarov’s boundary conditions,
valid for arbitrary transparency [29]. A key parame-
ter in these boundary conditions is an effective reflec-
tivity coefficient, r, roughly defined as the ratio between
the resistances of the S1-S2 barrier and of the mono-
layer. Further technical details can be found in Appendix
A. Within our 1D model we compute the local DOS
ρ(x,E) as a function of the distance to the interface, x,
as ρ(x,E) = −Im{g(x,E)}/pi, while the corresponding
normalized tunneling spectrum is given by
dI
dV
(x, V ) = −
∫ ∞
−∞
dE ρ(x,E)
∂nF(E − eV )
∂E
. (5)
where nF(E) is the Fermi function.
Let us now use this model to describe the low temper-
ature results described in the previous section. For this
purpose, we first fixed the bulk gaps in S1 and S2 by
performing BCS fits of their local tunneling spectra ac-
quired far away from S1-S2 interface. The best fits were
obtained for ∆1 = 1.20 meV and ∆2 = 0.23 meV, with
an effective electron temperature of 0.55 K slightly higher
than the base temperature of our STM (see Appendix B).
Second, we determined the value of the effective reflec-
tivity coefficient r by adjusting the discontinuity in the
spectra observed at the interface. We obtained r = 0.02,
which implies a highly transparent yet non-perfect inter-
face. Third, we fixed the diffusion constant D2 as to re-
produce the spatial dependence of the energy of the spec-
tral maximum Epeak(x > 0), see Fig. 2(f). We obtained
D2 ≈ 7.3 cm2/s, which corresponds to a coherence length
of ξ2 ≈ 45.7 nm, in nice agreement with the ξ2 value ex-
tracted from the analysis of the vortex core profile in
the striped incomensurate phase [21, 30]. Moreover, the
value of D2 suggests that the mean free path is rather
small (around 1 nm) and therefore, it is much smaller
than ξ2, which justifies the use of the Usadel approach.
Fig. 2(f) shows that the theory captures the decay
length of Epeak(x) along with the observed jump at the
island edge. In the same panel we also show the self-
consistent order parameter ∆(x) in the Pb monolayer: It
exhibits a jump at the island edge and decays gradually
to the S2 bulk value within 80-100 nm. If the order pa-
rameter is not accounted for self-consistently, the calcu-
lated spatial dependence Epeak(x) does not follow the ex-
perimental data, see dashed line in Fig. 2(f). This result
emphasizes the need for a fully self-consistent calcula-
tion, which in any case is required based on fundamental
principles. In Fig. 2(e) we show the dI/dV (V, x) spectra
obtained from the solution of the Usadel equations with
the parameter values determined above. As one can see,
the theory reproduces all the salient features of the ex-
perimental results of Fig. 2(c,d).
IV. GIANT PROXIMITY EFFECT:
TEMPERATURES ABOVE TC2
Let us now present and discuss the results for temper-
atures above the critical temperature of the monolayer.
At T = 2.05 K, when S2 is already in the normal state,
the tunneling spectra change markedly, see Fig. 3(a,b).
Now, the spectra in the Pb monolayer close to the in-
terface exhibit a smooth induced gap which gradually
disappears over a distance of ∼ 60 nm away from the is-
land edge. The overall evolution of the spectra resembles
that recently reported by us in a S-N system, in which
an amorphous Pb wetting layer played the role of a 2D
disordered normal metal [13]. However, there are two
important differences with respect to the present case:
(i) here the Altshuler-Aronov reduction of the low-bias
tunneling density of states, characteristic of electronic
correlations, is absent and (ii) the crystalline monolayer
is superconducting at lower temperature while the disor-
dered Pb wetting layer is not.
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FIG. 3. The same as in Fig. 2, but for T = 2.05 K. At this temperature the striped-incommensurate Pb monolayer S2 is in its
normal state. Notice that the order parameter determined self-consistently exibits a finite value close the S1-S2 interface.
We now compare the proximity spectra with the results
of our model using values of the parameters determined
above, i.e. at 0.3 K. The effective temperature was taken
equal to the bath temperature 2.05 K. The computed
tunneling spectra are presented in Fig. 3(e). Again, the
theoretical results reproduce qualitatively the experimen-
tal spectra of Fig. 3(c) with no adjustable parameters.
More importantly, as we show in Fig. 3(f), the Pb mono-
layer develops locally in the vicinity of the interface a
finite order parameter which survives over a distance of
more than 100 nm. The impact of this proximity-induced
order parameter can be appreciated by comparing these
results with a non-self-consistent calculation where the
order parameter is assumed to vanish at this temper-
ature, which would correspond to the situation where
S2 is a non-superconducting metal. Such a calculation
shows that the induced gap extends over a much shorter
distance inside the Pb monolayer as compared to the ex-
perimental dependence, see also Appendix C. This fact is
illustrated in Fig. 3(f) where we show that the experimen-
tal data for Epeak(x) are fitted much more satisfactorily
by the self-consistent calculation. Thus, our results pro-
vide a clear evidence for the existence of the proximity-
induced superconductivity in the interface region. This
phenomenon was already discussed theoretically by de
Gennes and co-workers in the early 1960’s [1], but to
our knowledge no direct observation has ever been re-
ported. It is worth mentioning that the existence of this
long-range or giant proximity effect has been suggested in
the context of high-temperature superconductors based
on the analysis of the supercurrent in trilayer Josephson
junctions [31, 32].
For completeness, we studied theoretically the
proximity-induced interface superconductivity in a more
systematic manner. For this purpose, we computed the
induced order parameter in S2 for different temperatures,
see Fig. 4. For temperatures below TC2, the order param-
eter tends to a finite value far away from the island, while
for higher temperatures it asymptotically vanishes. No-
tice that right above TC2, see light green curve in Fig. 4,
the induced order parameter can extend inside the mono-
layer several hundreds of nanometers. A detailed analysis
of our numerical results in this temperature regime shows
that away from the interface the induced order parame-
ter decays exponentially as ∆(x) ∝ exp(−x/L∆), where
L∆ is a temperature-dependent decay length. As we il-
lustrate in the inset of Fig. 4, this decay length diverges
when TC2 is approached from above approximately as
∼ 1/√T − TC2, which agrees with the prediction made
with the help of the linearized Gorkov equations [1, 2]. It
is worth stressing that at distances x < L∆, the induced
order parameter does not follow this simple exponential
decay. On the other hand, notice also that when the
temperature approaches TC1, both the island’s order pa-
rameter and the induced one in the monolayer vanish
altogether. Thus, our analysis shows that the proximity
effect in S1-S2 junctions is much richer than in the S-N
case recently considered in Ref. [12].
V. DISCUSSION AND CONCLUSIONS
It is worth stressing that we also observed the so-called
inverse proximity effect in the Pb island, see Fig. 5, which
6FIG. 4. The main panel shows the computed order parame-
ter in the Pb monolayer as a function of the distance to the
island edge for different temperatures. The critical temper-
ature of the monolayer is within BCS theory TC2 = 1.51 K,
while it is TC1 = 7.89 K for the island. The different param-
eters are those of Fig. 3(f) and the temperature dependence
of ∆1 has been taken into account. The inset shows the tem-
perature dependence of the decay length L∆ of the induced
order parameter for temperatures above TC2 (see text for defi-
nition). The symbols correspond to the values extracted from
the curves shown in the main panel, while the red solid line is
a numerical fit of those results to a function ∼ 1/√T − TC2.
we ignored for simplicity in our calculations. Indeed, al-
though the Pb island is much closer to be an electron
reservoir than the atomically thin Pb monolayer, the
electron density ratio between S1 and S2 is not infinite,
and the superconductivity in S1 is also affected near the
interface by a contact to a weaker superconductor S2.
Nevertheless the spectroscopic effects produced in S1 are
weak due to the large difference in electron densities of
the two systems, and require a four-decades log scale to
be clearly visible. Fig. 5 allows us to see two impor-
tant features of the inverse proximity effect: (i) Following
the coherence peak heights represented by the violet-light
pink bands (normalized conductance values above 1), one
sees that the peak height slightly increases away from the
S1-S2 interface while the energy of the peak maximum
also slightly increases toward higher energy. (ii) Focus-
ing now on the behavior of the low conductance values
in the green-orange-brown region (10−3-few 10−1), a tail
of induced sub-gap states appears in the excitation spec-
trum of S1 in the energy window |E| ∈ [∆1,∆2]. This
tail of induced states enables to connect by the edges the
large gap of S1 to the small gap of S2. In principle the
inverse proximity effect can be described within a natu-
ral extension of our 1D model. However, as we discuss in
Appendix D, such a description is not quite satisfactory
and this limitation calls for an extension of our model
that is presently in progress.
To summarize, we have presented an experimental
0 
Vbias (mV) 
0.5 -1 -1.5 1.5 -1 0.5 
- 80 
0 
-40 
x 
(n
m
) 
10 
10 
dI/dV
-3 
10 
-2 
10 
-1 
1 S1
S2
FIG. 5. Inverse proximity effect in the S1 island at 0.3 K.
Color-coded experimental dI/dV (V, x) spectra across the S1-
S2 junction. One spectrum is plotted every nanometer. The
four-decades log color scale allows visualizing two important
effects as one approaches the S1-S2 interface: (i) reduction
of the peak energy and amplitude (pink narrow dI/dV > 1
band) and (ii) appearance of a tail of induced sub-gap states
in the region ∆2 ≤ eVbias ≤ ∆1.
study of the proximity effect between two different su-
perconductors S1 and S2. Our system consists of an in
situ fabricated lateral junction composed of a large-gap
Pb island S1 (∆1 = 1.20 meV) and a small-gap crystalline
atomic Pb monolayer S2 (∆2 = 0.23 meV). Making use
of a low-temperature STM/STS we have probed the lo-
cal DOS of such a hybrid system with an unprecedented
energy and space resolution. The observed proximity-
induced modification of the tunneling spectra in the Pb
monolayer S2 was rationalized with the help of a 1D
model based on the self-consistent solution of the Usadel
equations. In particular, our results show the appear-
ance of proximity-induced interface superconductivity in
S2 in the vicinity of the S1-S2 interface for temperatures
above TC2, thus confirming the theoretical prediction by
de Gennes and co-workers [1, 2]. Our work not only elu-
cidates this old-standing problem in the context of prox-
imity effect, but it also paves the way for studying new
aspects of this quantum phenomenon such as the Meiss-
ner effect and vortex phases in proximity-induced super-
conductors. Finally, a weak inverse proximity effect is
also revealed in the S1 Pb island, characterized by both
a slight reduction of the coherence peak height and en-
ergy and by the appearance of a tail of induced sub-gap
states. Further generalization of our 1D model is needed
to account for the inverse proximity effect.
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Appendix A: Theoretical description of the
proximity effect: Usadel equations
Our approach to describe the proximity effect is based
on the Usadel equations [26]. The goal of this appendix
is to provide some additional technical details about how
they were solved in practice. In this discussion, we shall
follow closely Ref. [27].
To describe the proximity effect in the crystalline
monolayer, we modeled the Pb islands as ideal super-
conducting reservoirs and the monolayer as an infinite
normal wire. To implement this model in practice, we
considered a 1D S1-S
′
2-S2 junction, where S1 and S2
are BCS superconducting reservoirs with constant gaps
∆island = ∆1 and ∆monolayer = ∆2, respectively, and S
′
2
is a superconducting wire of the same material as the
monolayer reservoir. The length of the central supercon-
ducting wire, L, was chosen sufficiently large as to avoid
the influence of the presence of the S2 reservoir in the
density of states close to the interface with the S1 reser-
voir. On the other hand, we neglected the inverse prox-
imity effect in the S1 reservoir (island) and we assumed
that the S′2-S2 interface was perfectly transparent. How-
ever, we allowed the S1-S
′
2 to be non-ideal, as we explain
in more detail below.
As explained in section III, our technical task is to
solve the Usadel equations [Eq. (2)] together with the
corresponding equation for the order parameter [Eq. (4)].
Equation (2) must also be supplemented by the normal-
ization condition Gˆ2 = −pi21ˆ. In order to solve numer-
ically the Usadel equation it is convenient to use the
so-called Riccati parameterization [33], which accounts
automatically for the normalization condition. In this
case, the retarded Green’s functions are parameterized
in terms of two coherent functions γ(R, E) and γ˜(R, E)
as follows
Gˆ = − ipi
1 + γγ˜
(
1− γγ˜ 2γ
2γ˜ γγ˜ − 1
)
. (A1)
Using their definition in Eq. (A1) and the Usadel equa-
tion (2), one can obtain the following transport equations
for these functions in the wire region [28]
∂2x˜γ +
f˜
ipi
(∂x˜γ)
2 + 2i
(
E
ET
)
γ = −i ∆
ET
(1 + γ2),(A2)
∂2x˜γ˜ +
f
ipi
(∂x˜γ˜)
2 + 2i
(
E
ET
)
γ˜ = i
∆
ET
(1 + γ˜2), (A3)
where we have used that the order parameter is real.
Here, x˜ is the dimensionless coordinate that describes the
position along the S′2 wire and ranges from 0 (S1 lead)
to 1 (S2 lead) and ET = ~D2/L2 is the Thouless energy
of the wire. The expressions for f˜ and f are obtained by
comparing Eq. (1) with Eq. (A1). Notice that Eqs. (A2)
and (A3) couple the functions with and without tilde.
However, for the system under study one can show that
the symmetry γ˜(R, E) = −γ(R, E) holds and therefore,
only Eq. (A2) needs to be solved.
Now, we have to provide the boundary conditions for
Eq. (A2). Since we want to describe a semi-infinite region
of the striped incommensurate phase, we assume that the
S′2-S2 interface is perfectly transparent. In this case, the
boundary condition in this interface is simply given by
the continuity of the coherent function:
γ(x˜ = 1, E) = γ2(E) = − ∆2
ER + i
√
∆22 − (ER)2
, (A4)
with ER = E + i0+.
We allow the interface between the island and the
monolayer wire to be non-ideal and to describe it, we
used the boundary conditions derived in Refs. [29 and
34]. These conditions for an spin-conserving interface
are expressed in terms of the Green’s functions as follows
Gˆβ∂x˜Gˆβ =
(
G0
GN
)∑
i
2pi2τi
[
Gˆβ , Gˆα
]
4pi2 − τi
({
Gˆβ , Gˆα
}
+ 2pi2
) .
(A5)
Here, Gˆβ(α) refers to the Green’s function on the mono-
layer (island) side of the interface, G0 = 2e
2/h is the
quantum of conductance, and τi are the different trans-
mission coefficients characterizing the interface. The pa-
rameter GN is equal to σ2S/L, where σ2 is the normal-
state conductivity of the monolayer and S is the cross
section of the barrier. Thus, GN can be viewed as the
normal-state conductance of a wire with cross section S
and length L. In general, one would need the whole set
{τi}, but since one does not have access to this informa-
tion we adopt here a practical point of view. We assume
that all the M interface open channels have the same
transmission τ and define GB = G0Mτ as the conduc-
tance of the barrier. Thus, the S1-S
′
2 interface is charac-
terized by two quantities, namely the barrier conductance
GB and the transmission τ , and our starting point for the
boundary conditions is
rGˆβ∂x˜Gˆβ =
2pi2
[
Gˆβ , Gˆα
]
4pi2 − τ
({
Gˆβ , Gˆα
}
+ 2pi2
) , (A6)
where we have defined the ratio r = GN/GB. In this
language, an ideal interface is characterized by r = 0 and
a tunnel contact is described by τ  1.
The next step is to express these boundary conditions
directly in terms of the coherent functions. Substitut-
ing the definitions of Eq. (A1) into Eq. (A6) and after
8straightforward algebra, one obtains the following bound-
ary conditions for the coherent function γ at x˜ = 0:
− r ∂x˜γβ − (γβ)
2∂x˜γβ
(1− (γβ)2)2 =
(1 + (γβ)
2)γα − (1 + (γα)2)γβ
(1− (γβ)2)(1− (γα)2) + τ(γα − γβ)2 . (A7)
This equation establishes a relation between the coherent
function and its derivative evaluated on the side of the
interface inside the S′2 wire (β) and the corresponding
function evaluated on the side of the interface inside the
S1 reservoir (α), which is given by Eq. (A4) replacing ∆2
by ∆1.
In summary, our main task was to solve Eq. (A2) to-
gether with Eq. (3) in a self-consistent manner. The non-
linear second order differential equation of Eq. (A2), to-
gether with its boundary conditions of Eqs. (A4) and
(A7), is a typical two point boundary value problem.
We solved it numerically using the so-called relaxation
method as described in Ref. [35]. On the other hand,
the self-consistent loop was done using a simple iterative
algorithm until convergence was achieved. Finally, the
numerical solution for the coherent function was used to
construct the retarded Green’s function from Eq. (A1)
and to compute the local density of states in the striped
incommensurate phase region and the corresponding lo-
cal tunneling conductance, see Eq. (5).
Appendix B: Bulk gaps: BCS fits
A first necessary step in the explanation of our ex-
perimental results is the determination of the zero-
temperature bulk gaps of the island (∆1) and the Pb
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FIG. 6. Determination of the zero-temperature bulk gaps. (a)
Normalized tunneling spectra as a function of the bias voltage.
The symbols correspond to the experimental spectrum mea-
sured at 0.3 K deep inside the Pb island (x = −80 nm). The
solid line corresponds to the best fit obtained with the BCS
theory for ∆1 = 1.2 meV and T = 0.55 K. (b) The same as in
the upper panel but for a spectrum measured in the Pb mono-
layer very far away from the island edge (x = +200 nm). The
BCS tunneling spectrum was obtained using ∆2 = 0.23 meV
and T = 0.55 K.
FIG. 7. The lower panels show the computed normalized
dI/dV as a function of the bias voltage for T = 0.55 K and r =
0.0 (perfect transparency). The different curves correspond
to different positions along the monolayer, x. The curves
were computed in steps of 10 nm ranging from x = 0 (island
edge) to x = 100 nm. The lower left panel corresponds to
a calculation were the order parameter in the monolayer was
assumed to be constant and equal to its bulk value. The
lower right panel corresponds to the case in which the order
parameter has been calculated in self-consistent manner. The
upper panels show the corresponding order parameter profiles.
monolayer (∆2). For this purpose, we fitted the tunnel-
ing spectra measured at 0.3 K deep inside both super-
conductors with the bulk BCS theory, i.e. using the bulk
BCS DOS in Eq. (5). To do the fits we used both the
zero-temperature gap and the temperature as adjustable
parameters. The results of these fits are shown in Fig. 6.
As one can see, the BCS theory reproduces satisfactorily
the bulk spectra of both superconductors with an effec-
tive temperature of 0.55 K, which is slightly higher than
the bath temperature of our experiments. The values ob-
tained for the zero-temperature gaps are: ∆1 = 1.2 meV
and ∆2 = 0.23 meV. It is worth stressing that no artifi-
cial broadening was introduced in the expression of the
BCS DOS to perform the fits.
Appendix C: Theoretical results: Representative
examples and the role of the self-consistency
We are not aware of any theoretical work on the prox-
imity effect between two diffusive superconductors for ar-
bitrary temperatures. For this reason, it may be of inter-
est for future reference to provide here a more in depth
discussion of the results of the model described above.
In what follows, we fix the values of the zero-
temperature gap of both superconductors to the values
that describe best the experimental results, i.e. ∆island =
∆1 = 1.2 meV and ∆monolayer = ∆2 = 0.23 meV, corre-
sponding to critical temperatures within the BCS theory
9FIG. 8. The same as in Fig. 7, but for T = 2.05 K. At this
temperature the monolayer is in its normal state. Notice that
the order parameter determined self-consistently exhibits a
finite value in the vicinity of the island.
equal to TC1 = 7.89 K and TC2 = 1.51 K. On the other
hand, we also keep fixed the value of the diffusion con-
stant in the crystalline monolayer to D2 = 7.3 cm
2/s,
which corresponds to a coherent length of ξ2 = 45.7 nm.
Let us start our analysis by considering the case in which
the interface between the island and the monolayer is per-
fectly transparent (r = 0). Assuming a temperature of
0.55 K, which corresponds to the lowest effective tem-
perature of the experiments, we have computed the local
tunneling spectra in the monolayer as a function of the
bias voltage for different positions along the monolayer,
x, and the results can be seen in Fig. 7. Here, we show
both the results obtained assuming a constant order pa-
rameter in the monolayer (see lower left panel), i.e. ig-
noring the self-consistency, and the full self-consistent re-
sults (see lower right panel). We also show in the upper
panels the corresponding profiles of the order parame-
ter. The different curves in the lower panels correspond
to different distances to the island edge ranging from 0
to 100 nm. The curves have been calculated in steps of
10 nm. As one can see, the spectra evolve gradually from
the BCS-like spectrum at the island edge (x = 0 nm)
for ∆ = 1.2 meV to the BCS-like spectrum deep inside
the monolayer (x = 100 nm) for ∆ = 0.23 meV. In the
vicinity of the island, the maximum of the spectra oc-
curs in the range between the two bulk gaps (slightly
shifted by the finite temperature) and it approaches ∆2
at ∼ 2ξ2. Notice, however, that the spectra exhibit a
space-independent gap equal to ∆2. This agrees with the
results obtained by de Gennes using a variational method
[1]. Notice also that the self-consistency increases the
magnitude of the bias at which the spectra reach their
maximum close to the interface, which is a consequence
of the larger order parameter in that region.
Let us now consider a temperature of 2.05 K, which is
FIG. 9. Normalized tunneling conductance at T = 0.55 K as
a function of the bias voltage for different values of the in-
terface parameter r, as indicated in the panels. The different
curves correspond to different positions along the monolayer,
x. The curves were computed in steps of 10 nm ranging from
x = 0 (island edge) to x = 100 nm. The black dashed lines
in the different panels correspond to the spectra inside the is-
land, while the black solid lines are the results obtained in the
monolayer side of the island edge. Notice the discontinuity in
the spectra at the island edge when r 6= 0.
above the critical temperature of the striped incommen-
surate monolayer. The corresponding results are shown
in Fig. 8. In this case, one may naively expect the system
to behave like an ordinary S-N system. However, this is
not the case. As we show in the upper right panel of
Fig. 8, the monolayer develops a finite order parameter
close to the interface due to the proximity effect. This
fact has a strong impact in the spectra. In particular,
the induced gap that naturally appears in a S-N junc-
tion, see the non-self-consistent calculation in the lower
left panel, now extends up to a much larger distance in-
side the monolayer giving rise to a long-range proximity
effect. As we have also discussed in section IV, see Fig. 4,
this phenomenon persists up to the critical temperature
of the island, which in this case coincides with the critical
temperature of the hybrid structure.
Irrespective of the temperature, in the previous results
the spectra evolve continuously from the island to the
crystalline monolayer. This is a consequence of the as-
sumed perfect transparency. However, the experimental
results discussed in the main text show that there is a
jump in the spectra when crossing the island edge. This
suggests that the interface, although highly transparent,
it is not perfect. This discontinuity can be accounted for
using the boundary conditions described above. For sim-
plicity, we assume that the transmission coefficient τ is
equal to 1 and we attribute the non-ideality of the inter-
face to a non-negligible resistance of the barrier (r 6= 0).
To illustrate the role of a finite value of the parameter r,
we computed the tunneling spectra for different values of
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r for 0.55 and 2.05 K. The results are displayed in Figs. 9
and 10 and, as one can see, a finite r produces two main
effects. First, there appears a jump at the island edge
which increases in magnitude as r increases. Indeed, we
have used the magnitude of this jump to adjust the value
of r. Second, the peaks height in the spectra in the vicin-
ity of the island decreases as the value of r increases. If
we kept increasing the value of r, the spectra in the mono-
layer would tend to be constant and we would recover the
result for a bulk superconductor with its corresponding
bulk gap (0.23 meV at 0.55 K and 0 meV at 2.05 K).
The finite interface resistance (r 6= 0) has also an ob-
vious influence in the profiles of the order parameter. In
Fig. 11 we show the order parameter profiles correspond-
ing to the different cases considered in Figs. 9 and 10. As
one can see, a finite value of r reduces the amplitude of
the order parameter in the vicinity of the island, reduc-
ing so the proximity effect. Again, a very high value of r
would simply kill the proximity effect in the monolayer.
A crucial point in our discussion is the marked differ-
ence between the self-consistent and non-self-consistent
calculations, which is particularly clear for temperatures
above the critical temperature of the monolayer. This
was already illustrated in Fig. 3(f) where we show that
the experimental evolution of Epeak(x) at 2.05 K is much
more satisfactorily described by the self-consistent result.
For completeness, we show in Fig. 12 a comparison be-
tween the self-consistent and non-self-consistent calcula-
tions of the evolution of the tunneling spectra at 2.05 K
in a 2D plot for the same parameters as in Fig. 3(e,f). No-
tice that the color scale is different from the one used in
the main text. As one can see, in the non-self-consistent
case the proximity effect extends a much smaller dis-
tance inside the monolayer. This is a natural consequence
of the non-vanishing order parameter in the vicinity of
the island that is found in the self-consistent calculation.
This induced order parameter is reflected in a long-range
proximity effect, as compared to the standard S-N case
FIG. 10. The same as in Fig. 9, but for T = 2.05 K.
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FIG. 11. Self-consistent order parameter as a function of the
position for different values of r and for temperatures (a) T =
0.55 K and (b) T = 2.05 K. These profiles correspond to the
cases shown in Fig. 9 and 10.
where N is a non-superconducting metal.
This long-range proximity effect can be better appre-
ciated by looking directly at the local DOS, i.e. getting
rid of the thermal broadening of the tunneling conduc-
tance. For this reason, in the lower panels of Fig. 13 we
show a comparison of the spatial dependence of the lo-
cal DOS for the cases shown in Fig. 12. We also include
in the upper panels the corresponding profiles of the or-
der parameter, as well as the evolution of the coherent
peaks, defined as the position in energy of the maxima
of the local DOS. As one can see in the lower panels,
in both cases the main feature in the local DOS is the
appearance of an induced gap which progressively disap-
pears as we move away from the interface; an induced
gap that is obviously more pronounced than in the con-
ductance spectra. In the non-self-consistent case, which
corresponds to a standard S-N junction (with N being
a non-superconducting metal), the decay of the induced
gap away from the interface can be fitted by a function
of the form ∼ 1/(1 + x/Lξ)2, with Lξ = 14.3 nm. This
means that this induced gap roughly scales as a local
Thouless energy ~D2/x2, as it is well-known in standard
diffusive S-N junctions [36]. In the self-consistent case,
the decay of the induced gap can also be accurately de-
scribed with the same type of function, but this time
the existence of a finite induced order parameter in the
monolayer is manifested in a larger decay length, which
we numerically found to be Lξ = 55.7 nm for this exam-
ple.
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FIG. 12. Computed normalized tunneling spectra as a func-
tion of the bias and the position measured with respect to the
island edge. (a) Results obtained in a self-consistent calcula-
tion using the following parameter values: T = 2.05 K, ∆1 =
1.2 meV, ∆2 = 0.23 meV, r = 0.02, and D2 = 7.3 cm
2/s. (b)
The same as in panel (a), but for a non-self-consistent calcu-
lation where the order parameter was assumed to vanish in
the monolayer.
Appendix D: Inverse proximity effect
So far, we have assumed in our theoretical analysis
that the island is a perfect reservoir with a constant
order parameter. However, as discussed in section V,
our experiments show a small inverse proximity effect in
the form of a reduction of the coherence peak amplitude
and energy, as well as the appearence of subgap states
in the excitation spectrum of S1 in the energy window
|E| ∈ [∆1,∆2]. It is straightforward to extend the model
discussed above to try to describe this inverse proximity
effect. This simply requires to solve the Usadel equation
also inside the island taking into account that the pair-
ing interaction constant, λ, takes different values in both
electrodes, according to the corresponding critical tem-
peratures. Moreover, we must consider that the diffusion
constant can be different in both superconductors.
In Fig. 14 we present the results of the extension of
our model to account for the inverse proximity effect.
For simplicity, we have assumed a perfectly transparent
interface and the spatially-resolved spectra are shown for
different values of the ratio rdiff = D1/D2, where D1
and D2 are the diffusion constants of the island and of
FIG. 13. The lower panels show the computed normalized
density of states as a function of energy (measured with re-
spect to the Fermi energy, EF). The parameters of the model
were those of Fig. 12 and the different curves correspond to
different positions along the monolayer, x. The curves were
computed in steps of 10 nm ranging from x = 0 (monolayer
side of the island edge) to x = 100 nm. The lower left panel
corresponds to a calculation were the order parameter in the
monolayer was assumed to be zero everywhere, while the lower
right panel corresponds to the case in which the order parame-
ter was calculated in self-consistent manner. The upper pan-
els show the corresponding order parameter profiles (black
lines) and the spatial evolution of the coherent peaks (red
lines).
the monolayer, respectively. As in the examples of the
previous appendix we have used the following parameter
values: T = 0.55 K, ∆1 = 1.2 meV, ∆2 = 0.23 meV,
and D2 = 7.3 cm
2/s. These results suggest that the
weak proximity effect observed inside the island could be
naturally described within our model by simply assum-
ing that D1 is much smaller than D2 (around ten times
smaller). However, given the small value of D2, it seems
unlikely that the Pb island could have such a small dif-
fusion constant. We believe that this result might be an
artifact of our 1D model. A more natural explanation
for the weak proximity effect would invoke the higher di-
mensionality of the island, which surely leads to a quick
geometrical dilution of the order parameter inside. The
confirmation of this idea would require performing 3D
simulations, which are out of the scope of this work. For
this reason, and since the proximity effect inside the crys-
talline monolayer is indeed the main problem of interest
in this work, we have decided to stick in the main text to
the model in which the island is considered as a perfect
superconducting reservoir.
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FIG. 14. Normalized tunneling spectra as a function of the bias voltage and the position measured with respect to the island
edge. These results were obtained in self-consistent calculations that take into account the inverse proximity effect in the island.
The three panels correspond to different values of the diffusion constant ratio rdiff = D1/D2. The different parameter values
are: T = 0.55 K, ∆1 = 1.2 meV, ∆2 = 0.23 meV, r = 0.0, and D2 = 7.3 cm
2/s.
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